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Smale space and C*-algebras

® (X, ) amixing Smale space

e P afinite p-invariant subset of X

e groupoids G5(X, ¢, P), GY(X, ¢, P), G"(X, p),

o S(X,¢,P), UX, ¢, P), HX, ) the associated C*-algebras
e we consider each of these as subalgebras of B(2(V"(P)))

Brady Killough (MRU) K-Theory Ring May 15, 2022 3/19



x-automorphism

For f € C¢.(G) where G is any one of the three groupoids from the previous slide, we
define

o)X, y) = e (x).¢7 ' (v)).
a extends to a x-automorphism on each of S(X, ¢, P), U(X, ¢, P), and H(X, ¢).
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Assymptotic Commutation Relations

Letae S(X, ¢, P), be UX,p,P),and f,g € H(X, ). Then
e af fae S(X, p, P),

bf,fb e UX, e, P),

limp_ 1o [[@aa™"(f) —a~"(f)al| = 0

limp—s 400 [[@"(f)b — ba"(f)|| = O

limp—s 400 [ (F)a™"(g) — a™"(9)a"(f)|| = O
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K-Theory of a commutative C*-Algebra

e Suppose Ais a commutative C*-Algebra, p, g projections in A. Then pg = qpis a
projection in A.

e For p € Mj(A), p € Mjy(A), we define p x g € Mym(A) entrywise by
(P X Q)(ij)(k,1) = PikQxi- Then [plo[glo = [p x glo defines a ring structure on Ky(A)

e Noting that C(S', A) is also commutative, and that Ky(C(S', A)) = Ky(A) @ Ki(A),
we can use the above idea to define a product on K, (A).
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K-Theory of a commutative C*-Algebra

e Suppose Ais a commutative C*-Algebra, p, g projections in A. Then pg = qpis a
projection in A.

e For p € Mj(A), p € Mjy(A), we define p x g € Mym(A) entrywise by
(P X Q)(ij)(k,1) = PikQxi- Then [plo[glo = [p x glo defines a ring structure on Ky(A)

e Noting that C(S', A) is also commutative, and that Ky(C(S', A)) = Ky(A) @ Ki(A),
we can use the above idea to define a product on K, (A).

* K.(A) is a commutative ring.
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Back to Smale Spaces

The C*-Algebras defined previously are not commutative, but the asymptotic
commutation relations are encouraging.

For p,g € Py(H(X,)), nlarge, we define

_ a"(p)a""(q) + o "(q)a"(p)

an 5 .

Then aj, = a},, ||a5 — an|| is small, and x(12,.)(an) is a projection.

Question: Can we define [plo[g]o = limp—oo[a@no?
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Back to Smale Spaces

The C*-Algebras defined previously are not commutative, but the asymptotic
commutation relations are encouraging.

For p,g € Py(H(X,)), nlarge, we define

a’(p)a"(q) + a~"(q)a"(p)

an: 2

Then aj, = a},, ||a5 — an|| is small, and x(12,.)(an) is a projection.
Question: Can we define [plo[g]o = limp—oo[a@no?

No, a, typically depends on n, even for arbitrarily large n, so lim,_,.[an]o is not well
defined.
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The Mapping Cylinder

Consider the mapping cylinder,
® C(H,a)={f:R— H(X,p) | f(t+1) = af(t)) Vt}, and
o at(f)(s) = f(s+ t) so that an(f)(s) = "(f(s)) for n e Z.
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The Mapping Cylinder

Consider the mapping cylinder,
® C(H,a)={f:R— H(X,p) | f(t+1) = af(t)) Vt}, and
o at(f)(s) = f(s+ t) so that an(f)(s) = "(f(s)) for n e Z.

For f,g € C(H, «) let
at(fa—t(g) + a—1(g)a(f)
5 .

(fxg)t =
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The Mapping Cylinder

Consider the mapping cylinder,
® C(H,a)={f:R— H(X,p) | f(t+1) = af(t)) Vt}, and
o at(f)(s) = f(s+ t) so that an(f)(s) = "(f(s)) for n e Z.

For f,g € C(H, «) let
at(fa—t(g) + a—1(g)a(f)
5 .

(fxg)t =

For f € My(C(H,)), g € Mn(C(H, a)), (f x g)t € Mam(C(H, «)) is

((F x D))y = (fir < gyt
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For p € Po(C(H,)), g € Pn(C(H, «)), there exists T such thatfort> T

X(1/2,00) (P X @)t € Pam(C(H, @)).

So we get a continuous path of projections and
[Plo[glo = Jim [(p < g)¢o
—00

is well defined and gives a product on Ky(C(H, ).
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K.(C(H, o))

To define a product on K.(C(H, «)) we note that the asymptotically abelian property
is inherited by C(S', C(H, «)) and consider the split exact sequence

0 — S(C(H,a)) — C(S',C(H,a)) — C(H,a) — 0
so Ko(C(S', C(H, a))) = Ko(C(H, a)) @ Ky (C(H, «)) and defining a product on

Ko(C(S', C(H, «))) (as on the previous slide), then gives a product structure on
K.(C(H,a)).
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K.(C(H, o))

To define a product on K.(C(H, «)) we note that the asymptotically abelian property
is inherited by C(S', C(H, «)) and consider the split exact sequence

0 — S(C(H,a)) — C(S',C(H,a)) — C(H,a) — 0
SO KO(C(S1, C(H,«))) = Ko(C(H, o)) ® K1(C(H, «)) and defining a product on
(81, C(H, «))) (as on the previous slide), then gives a product structure on
(H,)).
K.(C(H,a)) is a (potentially non-commutative) ring.
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How do we compute K.(C(H, «))?

0 — S(H(X,¢)) - C(H,a) =2 H(X, ) — 0

* ((f)(s) = X (f(s - k))
e g : evaluation at 0.
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How do we compute K.(C(H, «))?

0 — S(H(X,¢)) - C(H,a) =2 H(X, ) — 0
° (f)(s) = oX(f(s — K))

e g : evaluation at 0.

Ki(H(X,¢)) =Ko(S(H(X,¢))) — Ko(C(H,a)) — Ko(H(X; ¥))

. \ Xa*

Ki(H(X,¢)) — Ki(C(H, a)) — Ki(S(H(X,¥)))= Ko(H(X;))
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How do we compute K.(C(H, «))?

0 — S(H(X,¢)) - C(H,a) =2 H(X, ) — 0

* ((f)(s) = X (f(s - k))
e g : evaluation at 0.

Ki(H(X,¢)) =Ko(S(H(X,9))) — Ko(C(H, ) — Ko(H(X, ¥))
. \ Xa*
id — o
Ki(H(X,9)) —— Ki(C(H,a)) — Ki(S(H(X, 9)))= Ko(H(X,¢))
In general, this is difficult.
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Shift of Finite type

If (X, ) =(X,0)is aSFT, then H(X,0) is AF, so Ki(H(X,0)) = 0 and we have

0 KO(C(Ha a)) - KO(H(ZaU))
‘id— QU
0 K1(C(H7 Oz)) — KO(H(Z,U))
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Shift of Finite type

If (X, ) =(X,0)is aSFT, then H(X,0) is AF, so Ki(H(X,0)) = 0 and we have

0 KO(C(Ha a)) - KO(H(ZaU))
‘id— QU
0 K1(C(H7 Oz)) — KO(H(Z,U))

* Ko(C(H, ) = ker(id — )
* Ki(C(H,a)) = Ko(H(X, 0))/image(id — )
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Inductive Limits

Suppose (X4, 0) is the edge shift with graph G = (V, E) and adjacency matrix A, then
Ko(H(X4,0)) is the inductive limit of

My (Z) “=EA My (2) 2B My (z) — -

Brady Killough (MRU) K-Theory Ring May 15, 2022 13/19



Inductive Limits

Suppose (X4, 0) is the edge shift with graph G = (V, E) and adjacency matrix A, then
Ko(H(X4,0)) is the inductive limit of

My (Z) “=EA My (2) 2B My (z) — -

Ko(H(ZA,U)) = (M#V(Z) X N)/ ~

e Forn< m, (X,n)~ (Y, m)if and only if Am—"+kXAM—tk — AKYAK for some k.
* We denote the equivalence class [X, n.
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Inductive Limits

Suppose (X4, 0) is the edge shift with graph G = (V, E) and adjacency matrix A, then
Ko(H(X4,0)) is the inductive limit of

My (Z) “=EA My (2) 2B My (z) — -

Ko(H(ZA,U)) = (M#V(Z) X N)/ ~

e Forn< m, (X,n)~ (Y, m)if and only if Am—"+kXAM—tk — AKYAK for some k.
* We denote the equivalence class [X, n.
e Then a([X, n]) = [XA2,n + 1], a~1([X. n]) = [A2X, n + 1]
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Inductive Limits

Let C(A) = {X € Myy(Z) | AX = XA}, then

Ko(C(H, o)) = ker(id — a.) 2 lim C(A)

Brady Killough (MRU) K-Theory Ring May 15, 2022 14/19



Inductive Limits

Let C(A) = {X € Myy(Z) | AX = XA}, then

Ko(C(H, o)) = ker(id — a.) 2 lim C(A)

Let B(A) = {X | X = YA— AY, for some Y € My(Z)}, then

”Ln B(A) = image(id — o) C Ko(H(X4,0))
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Inductive Limits

Let C(A) = {X € Myy(Z) | AX = XA}, then

Ko(C(H, o)) = ker(id — a.) 2 lim C(A)

Let B(A) = {X | X = YA— AY, for some Y € My(Z)}, then

”Ln B(A) = image(id — o) C Ko(H(X4,0))

SO
Ki(C(H, a)) = Ko(H(Z4,0))/lim B(A) = lim(Myv(Z)/ B(A))
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Product formula

o Ko(C(H,)) : [X,N] s.t. X € C(A)
o Ki(C(H,a)): [Y + B(A), M]
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Product formula

o Ko(C(H,)) : [X,N] s.t. X € C(A)
o Ki(C(H,a)): [Y + B(A), M]

If [X0, N], [ Y1, M] € Ko(C(H, ), [Xe + B(A), N], [Yz + B(A), M] € Ki(C(H, ), then
o [Xi, Nl = [Y1, M] = [X; Y1, N + M]
° [Xi, Nl «[Yz2+ B(A), M] = [X; Y2 + B(A), N + M]
* [X2 + B(A), N« [Y1, M] = [X2 Y1 + B(A), N + M]
* [X2 + B(A), N] = [Y2 + B(A), M] = 0
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Product formula

o Ko(C(H,)) : [X,N] s.t. X € C(A)
o Ki(C(H,a)): [Y + B(A), M]

If [X0, N], [ Y1, M] € Ko(C(H, ), [Xe + B(A), N], [Yz + B(A), M] € Ki(C(H, ), then
o [Xi, Nl = [Y1, M] = [X; Y1, N + M]
° [Xi, Nl «[Yz2+ B(A), M] = [X; Y2 + B(A), N + M]
* [X2 + B(A), N« [Y1, M] = [X2 Y1 + B(A), N + M]
* [X2 + B(A), N] = [Y2 + B(A), M] = 0

(X1, Nl + [X2 + B(A), N]) = ([ Y1, M] + [Y2 + B(A), M])
=[X1Yi,N+M] +[XiYo + Xo Y1 + B(A), N + M|
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2 1 1
A= 1|1 2 1| Then C(A) is spanned by
11 2
1 -1 0 o 1 -1 0 0 O 0 0 O
Xp=|-1 1 0|, X%=0 -1 1|, X%=[1 -1 0|,X%=]0 1 -1
0O 0 O 0 0 O -1 1 0 0o -1 1
Xs =1

0 — Z* — Ky(C(H,a) — Z[1/2] — 0

< X1, X0, X3, X4 >= Z* is a non-commutative ideal in Ky(C(H, o).
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Ko(S), Ko(U)

* Ko(S(xa;0)):
ZHV(G) VYA S V(G) VYA 7 V(G)
alv,N] = [VA,N], o~ "[v,N] = [v, N + 1],
* Ko(U(%4,0)):
FHV(G) VA 7R V(G) VA ZRV(G)

alw, M] = [w, M + 1], o~ '[w, M] = [Aw, M]
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Module Structure

Let [X, N] € Ko(C(H, a), [v,M] € Ko(S(Za,)), [w,M] € Ko(U(a, o)), then
o [v,M] «[X,N] = [vX, M+ 2N]
o [X,N] % [w, M] = [Xw, M + 2N]
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Dual Modules

For [v,M] € Ko(S(X4,0))
e afv,M] = [vA,M] = [v,M] x[A,Q]
e a'[v,M] =[v,M+1] = [VA M+ 2] = [v, M] * [A, 1]
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Dual Modules

For [v,M] € Ko(S(X4,0))
e afv,M] = [vA,M] = [v,M] x[A,Q]
e a'[v,M] =[v,M+1] = [VA M+ 2] = [v, M] * [A, 1]

Let R be the subring generated by [A, 0], [A, 1]. Then

Hompg(Ko(S(X4,0)), R) = Ko(U(%4,0))
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